We should make it clear that our results must not be interpreted as full description of the family of normal subgroups of finite index. There are easy examples of W with normal subgroups not of the form ker(W~ I710. Unpublished work of Bernd Fischer gives strong evidence that there is an epimorphism of W (5, 5, 4) onto F 1 (the Friendly Giant), a finite simple group of order 246320597611213317 9 19.23.29" 31 "41.47.59' 71. It would be interesting to have an algebraic geometry interpretation of the kernel of this epimorphism.
It is pleasant that our main results are derived so easily from some existing classification results for finite linear groups. The early result of Coble mentioned above required quite a bit of work. We thank Igor Dolgachev for calling our attention to this problem and providing the above background remarks about algebraic geometry. Reflection groups defined by other diagrams beg to have similar results proven for them. It appears that suitable induction arguments may be tricky to formulate for less familiar classes of diagrams.
Notation and Definitions
We give notation which will be used throughout the paper. We let T = T(p, q, r) be the diagram i with n : = p + q + r-2 nodes, p, q, r all positive. Let cb = q~(p, q, r) be the vertex set, L=L(p,q,r) the lattice with basis ~b and symmetric bilinear form (cqc0=-2, (~,/~)=1 or 0 as c~,/?eq~ are connected or not, r,:L~L the reflection x~x -(2(x, c0/(~, ~))~ = x + (x, ~)c~ at ~ and W = W r = W(p, q, r) the associated reflection 9roup (r~]~E~). Let A=Ar:=detL. A deletion of T shall be a connected subdiagram of T with n-1 nodes.
Unless T has type A,, D, or E,, W is infinite (see [2] ). We aim to determine the quotients 17V of W by its "congruence subgroups".
More precisely, we fix a prime number, I. Set/7,:= L/IL and ITv equal to the image of W in GL (L) . Set F=IF v We use the bar convention for images in/~ or I7V.
Since GL(L) is finite, so is 17V. If I is odd, I7V is generated by the reflections ~, which are -1 on F~ and 1 on ~• (L --F~@~J-). When l=2, a different notation is required, that of a transvection (by definition, a nonidentity invertible linear transformation which is trivial on a hyperplane of a vector space and on the associated quotient space).
Let R(L) be the radical of the form induced on L,
For groups A, B, we let A.B denote a group with normal subgroups A and quotient B. The image of B in Out(A) shall be understood from the context, although the extension type (i.e. split or nonsplit) of A. B may not be.
Group theoretic notations not explained here may be found in [9] . (1--k ) . Using Lemma 3.1, we get Tk +Tk =Tk~k~ and k~-~T k is a W-map.
Preliminary Results
Trivially, the map is injective. So, {Tklk~K} is a ITV-submodule of In order to state the following classification result, we need some definitions. A reflection means a diagonalizable element of some GL(n,F), charF:#2, with eigenvalues -t (once), 1 (n-1 times). For G<GL(n,F), the prefix "P" shall indicate the image of G in PGL(n, F). In the case of a reflection in an orthogonal 2(x, y) group, given by the formula r:x~x-(y, y-~y for some vector y, the class of (y, y)
in F • Proposition 3.7 (Wagner [15] , Sere~kin and Zalesskil [14] ). Let F be a field, Proposition 3.8 (McLaughlin [12] ). Let G< GL(n, 2) be an irreducible subgroup generated by transvections. Then G ~-O~(n, 2) (n even, e= +, -, (n, e)=l:(4, 2)) ; Sp(n, 2)~O(n-1,2) (n even) ; or 22~ for m=n+ 1 or n+2, n even.
l =charF 4: 2, V a finite dimensional vector space over F, n = dim V, G an irreducible subgroup of GL(V) generated by reflections. Then G, the image of G in PGL(V), is one of the following: (i) PRL(V'), where F' is a subfield of F, V' an F'-subspace of V with
Also, the conjugacy class of elements of G acting as transvections in some representation is unique, except for G ~226 in which there are two such classes.
The Case ! odd
We identify 17V, making use of results in Sect. 3. All the "hard work" is contained in Proposition 3.7, with which many possibilities in our situation may be eliminated. (
ii) If T has type E,, 1, C'g~-Tll-1. Wr,, split extensio~ where T' is a deletion of T of type E,_ j, respectively. Also d = d' unless T has type E 6 and l = 3, in which case
d'=l, d=2. (iii) If T is not "classical" (as in (i) or (ii)), ('V_~7/~ 'd. G,
split extension, and G _~ O~(n ', 2) is an orthogonal group. Remark 4.2.
The invariant e may be easily computed from A r, and n', where T' is a subdiagram of T with n' nodes and (AT,,I)= 1; namely, e= + if and only if AT, (-1)"' is a square in F (see [1, p. 210 
]).
Proof. (i) The first statement follows since the kernel of W--* I7V must be a normal /-subgroup of the finite group W and Oz(W)= 1 for such T unless l=3 and T has type A 2. In the latter case, the result may be checked directly.
(ii) Let T o be the normal "translation subgroup" of IV. By Corollary 3.5, d = 1 or n = 6, 1 = 3, d = 2. We must argue here that 7,0 ~ l_However, if 7" 0 = 1, ITv acts like 17Vr,, for an appropriate deletion T'. But then, [L, W] = [L, Wr.] has rank at most n-1, in contrast with Lemma 3.1. Since A=0, the only way for d'<d to occur is when d = 2, i.e. type/~6. There, it is clear that d' = 1.
(iii) Since T is not classical, n~8. Without loss, p>q>r>2 and p>4. We claim that G is an orthogonal group. We argue by induction on n. Ifn=8,p=4 and q=r=3 since Tis nonclassical. Here, A =36-12-12-9=3. If 14:3, Proposition 3.7 applies to show that ITV~ W~8 , 229, L'10 or an orthogonal group. Since ITv> I7V(3, 3, 3)~ 716. WE~, the first three possibilities are out. If/= 3, d= 1 and a similar argument with W(2, 3,4)~ W~, shows that G~ W~7 or an orthogonal group. The shape of T (4, 3, 3) implies that G contains a reflection group of shape 7/2 x Wa. So, W~7 is out and the claim follows. Suppose n>9. If T has a nonclassical deletion T', we may use induction, Proposition 3.7 and the fact that WE8 and Z,+ 2 do not involve a copy of the orthogonal group GT,. Now suppose that T has no such deletion.
If r_-> 3, q = 3 and p = 4, against n > 9. So r = 2.
Since r = 2, A = 2pq-pq-2p-2q = pq-2(p + q). We have q > 3, or else T is classical (type D,). Suppose that q = 3. Then p = n-q-r + 2 > 6 and even p > 7 or else T has type E a. Since every deletion is classical, p=7 and n=10. Then A=7-3.2-7.3-7.2-3-2=1, so that I7V is irreducible on L and dimL>8. By Proposition 3.7 either W-~ S 11 or Z 12 (impossible, since WE8 is not embeddable in 2;12 ) or it is an orthogonal group, as required. So, q>4. Since every deletion is classical but T is not, p = 5, q = 4 and r = 2. Then A = 5.4-2-5.4-5.2-4.2 = 2, and I7V operates irreducibly in dimension n = 9. As above, Proposition 3.7 gives the result.
Our claim that G is an orthogonal group is now verified. 
The Case 1=2
The analysis here, in spirit, resembles that of Sect. 4. We use Proposition 3.8 here instead of Proposition 3.7. The pleasantness of having a relatively short list of groups in the conclusion of Proposition 3.8 is balanced by the increased complexity involved in determining G and d'.
In characteristic 2, we need the notion of a quadratic form as well as that of the bilinear form induced on/Z by the one on L. The relevant quadratic form on L is
Q(x)= 89
It induces a well defined map Q:L---~F=IF 2 with (,) as its associated bilinear form. See [6] for a discussion of generalities.
Besides the earlier definition of the radical R(L), we set ( O~(n_ 1, 2) .
RO(s = {~ R(L)IQ(~)
=
ii) If T has type Dn. n>=4, then d'=l, d=l or 2 and d-n(mod2); also, L/[L, K] is isometric to L T, where T' is a deletion of T of type

Q(y) = Q(yO) = Q(x + y) = Q(x) + Q(y) + (x, y) = Q(x) + O.(y)
The parities of n, p, q, and r imply that there is an extension S of T by one node so that A(S)~g0(mod2). Thus, W(S)~-O~(n+I,2) and the embedding (zV~W(S) imply that 17V~ Sp(n-1, 2) or 2"-1. O~(n_ 1, 2), according to whether I7V stabilizes a nonsingular or singular vector of L(S). (Also, e = e' in the latter case). Visibly, the extensions are split. O'(n -1, 2) or Sp(n-1, 2), accordingly.
Case 2. r 1 is odd and Pl, q~ are even. We copy the argument for Case 1, except that we let 4 2 be the r 1-1 outermost roots of the rl-branch. We do not have (Lt,L2)=O, though (31,/~2)=0 since Pl -=ql --0(mod2). Thus, 31 spans RadL We have (Zl,Zl)=-pl +ql(mod4), and we finish as before. If L is nonsingular with respect to the form, the type of the quadratic form is = _, as the Witt index is maximal of nonmaximal; see [6] . We say that the geometry on L has type s = + if R(f) = R~(f) and the type of (L/R(L), Q) is ~, and we say that the type is e=0 if R(L)+Ro(L). During the previous arguments for l=2, the need to know s (when e= +) was avoided. Here, we give a simple inductive procedure for determining e (see Corollary 5.9). Proof Easily, A = -5 (respectively, -3). Also, O + (4, 2) ~ z~37~ 2 (order 2 3. 3 2) and O-(4, 2) ~-X s [3, 9] . Since W(A4) ~-N 5 acts faithfully on the lattice modulo 2, e ---.
Since O+(2,2)_-_;r and O-(2,2)~_N 3 [3, 9] , similar remarks get e= -in this case. An alternate argument is to compute the relevant invariant in the Clifford algebra [6] . Proof The function "g' is multiplicative over orthogonal direct sums of nonsingular quadratic spaces over IF 2. We now complete our description of the procedure by discussing the "small cases", i.e. p, q, r all less than 5. They are checked with easy calculations. r = 1 : n = p + q + 1 -2 = p + q -1, L is just the A,-lattice, and A = n + 1 = p + q. Since we may as well take q = 1 here, we may assume that n =p <4. The situation is: When q = 3, we get the E6-1attice and e = -for p = 3 (use E~6 ~O-(6, 2)~ O +(6, 2) [3, 9] ), the ET-lattice and e=0 for p=4 (use We -~Sp(6,2)x7/z [3] ). When q = 4 = p, we get the "extended Ev"-lattice and e = 0 by noting, as in I.emma 5.2 (ii), that [L,K] <Rc)(L) and [L, K] is complemented by Lr, where 7" has type E 7.
In the remaining case r = 3 and 4, we get e by observing that when (A, 2) = 1, the stabilizer in the orthogonal group O~(n, 2) of a singular vector looks like 2 "-2 9 O~(n-2, 2). The case (3, 4) may be handled as follows. Here, A = 3 and the p-deletion lends to the group 26. WE =26-O-(6,2) and then e=-, using the observation 9 The case (4, 4) leads to e = -via a q-deletion, the case for (3, 4) and the observation. r=2, q>2 or r>2" A-= l(mod2), d=0, I7r
2).
